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AVERAGE VALUES OF QUADRATIC TWISTS OF MODULAR
L-FUNCTIONS

Abstract: This paper studies non-vanishing of quadratic twists of automorphic forms f on
GL(2) over Q at various points inside the critical strip. Given any point wg inside the critical
strip, and € > 0, we show that at least Y12/17=¢ of the quadratic twists L{f xd,s) with [d| <Y
do not vanish inside the disc |w — wo| < (log¥) " 17¢. (Here d = 1 mod 4 is a fundamental
discriminant and x4 denotes the Kronecker symbol.) If we assume the Ramanujan conjecture
about the Fourier coefficients of f (in particular, if S is holomorphic) then % above can be
replaced with 1.

This should be compared with a result of Ono and Skinner [10] which states that if f is
a holomorphic newform of even weight and trivial character, then at least > Y/logV¥ of the
quadratic twists L{f, x4,s) are nonzero at the central critical point. A slightly weaker result
had been proved earlier by Perelli and Pomykala [11]. By contrast, we make no restriction on
the holomorphy of f and the result holds even if [ has non-trivial central character. Moreover,
we prove non-vanishing in a disc about any point in the critical strip. As in [11], our tools are

. B3 e [0
the method of Iwaniec [4] and a mean value estimate of Heath-Brown [3].

1. Introduction

Let f be a cusp form which is a normalized eigenform for the Hecke operators,
of level N, character w and weight k (k is a positive integer and k =1 if f is
real-analytic due to our normalization). We have an expansion

£UaN [ 2nsr a(n)e(nz) if f is holomorphic
I Zn;e() a(n)2\ /YK, (2r|nly)e(nz) if f is real analytic.

Here e(2) = exp(2miz), z = x + iy and K, denotes the Bessel function of degree
v. It is known that

la(n)| < d(n)nk-1/2+a (1.1)
> la(n)] < alk+n/2 (1.2)
In|<z
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156 V. Kumar Murty and Tomasz Stefanicki

where d(n) denotes the number of positive divisors of n. If f is holomorphic, the
Ramanujan-Petersson conjecture is known and we may take a = 0. By a recent
rocu]f of Kim and Shahidi [R] wo hava n < 9

£ iaq o] analitie
res 14 Siainldal (B, we nave o < 34 f J 18 I'tar anadyuvic.

Let x4 denote the quadratlc character (d/-). Then the Dirichlet series

converges absolutely for ®(s) > 1(k + 1) and has an analytic continnation as
entire function of s. If d is a fundamental discriminant (i.e. d is squarefree a nd
=1 (mod 4) or d = 4d0 do squarefree = 2.3 (mod 4)) and (d,N) =1,

A0 (5)L(f, Xar 8) = wa AL D (k = $)L(F.xa b — 5)

where
A, = d\/ﬁ/27r if f is holomorphic
d= e s .
d\/ﬁ/w if f is real analytic,
Fls) — ['(s) if f is holomorphic
(s) = D(=T(552) if f is real analytic
and

wqd = led(—N)w(d), wi € C, |w1| =1.

We are interested in the a

te e ! the L ,
strip. In [9], Chapter 6, 1t was shown that if f is holomorphic and k& = 2. then
<« (. |d
2. “Ad:

d=a (mod 4N).|d|<Y

)
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e sumlm ranges over all d \i €.
fundamental dlbcrlmmants) It follows that there are infinitely many fundamental
discriminants d such that L{f.x4.1) # 0 and this was the first such result for
forms f with non-trivial Nebentypus character w. The methods of [9] were a
refinement of those of [8]. In [12]. Stefanicki showed that the method of Iwaniec
[4] could be used to prove a similar asymptotic formula ranging over fundamental
discriminants and with a sharper error term. An analogous result was established
by Friedberg and Hoffstein [2] for automorphic forms on GL(2) over number fields
using metaplectic Eisenstein series.

In this paper we use the method of Iwaniec [4] to prove the following estimate.
Let a=1 (mod 4). (a.4N)=1. Set

Fay
VVVVVVVVV (=3 3181 YWLIC

Df={neN:sgn(n)=+,n=a (mod 4N)}
and
™ 4 Ty —
Dy =D7 U D
Let F' be a smooth compactly supported function in Rt with positive mean value
fﬂx F(t)dt and let o denote the Mobius function.
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Theorem 1.1. Let ¢ > 0. Let wg € C satisfy Rwo € [k/2,
|
!

each d € DF | |d| <Y choose wy € C in the disc |w — w
Then

/1d)
L P21 L(f Xa, wa) \ ) cY + O(|T (wo)| IAY 1+H/2- 80 o5 v log log V)

deD,

where ¢ = ¢(f, F,wp,a) # 0.

The proof is essentially the same as in [4]. However, it is necessary to keep
the appearance of « and for this reason, we write out the details.

Theorem 1.2. With the same notation and hypotheses as above,

Z M2(|d|)|L(f7 Xd,wd)|-2 < |f‘(w0)|—zyl+s+2a.
deDE |d|<Y

These mean-value estimates have the following consequence for zeros of

L(f,xd.)-

Theorem 1.3. With notation as in Theorem 1.1, there are > o) Y1T227F fun-
damental discriminants |d| <« Y such that L(f, Xd;$) has no zero in the disc

[s —wy| <A

Thus, using o < 5/34, we get > Y12/17=¢ non-vanishing quadratic twists.
If we assume the Ramanujan conjecture, we get > Y!7¢ such twists. Theorem

4 LPOIelll

1.3 follows from Theorem 1.1 and 1.2 by the Cauchy-Schwartz inequality.

1. Tt is often possible to obtain an asymptotic formula in Theorem 1 when
we restrict summation to DF or Dy . Indeed, it is always possible if Rwqg £ k/2.
If Rwo = k/2, then either D} or D, will yield an asymptotic formula. The
general formula is given in the final section.

2. For a general L-function which can be represented by an Euler product
let us write L(q)(s) for the Euler product with p-factors for pla removed. Then
the constant in Theorem 1.1 is given by

1
c(f, Fywo,a) = WL(Q)(J,MO — 2k +2)7 P(2uy) x
X f4N(w0)L(4N)(5ym2(f)~2100)/ F(t) dt
0

where ((s) is the Riemann zeta function, L{w?s) is the Dirichlet L-function
associated to the character w?, P(s) is a certain function which depends on f and
which is represented by an absolutely convergent Euler product for Rs > k— 1+ 2
and does not vanish for ®s > k, fyn(s) is a certain function which depends on
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f and which does not vanish for Rs > k/2 and L(Sym?(f), s) is the L-function
attached to the symmetric square of f.

3. Several authors have shown that in some cases, a positive proportion of
the twists are nonzero. For this, we refer the reader to works of James, Kohnen,
Vatsal, Ono and Skinner (see [1] for the references). Also, Ono and Skinner [10]
thWCU that for holomorphic newforms with trivial character, there are at least
> Y/logY quadratic twists for which the L-function does not vanish at the
central critical point. These methods do not appear to work for other points or
for non-holomorphic forms as they rely on the relationship of the central critical
value to the Shimura lift and on the existence of Galois representations.

We have

where

- u“’ Yexp(—u)du if f is holomorphic
- if u“T1K,( (u) du if fis real lytlc.

For d squarefree, =1 (mod 4), the functional equation implies that
f(w)L(f. Xa, w) = S(f, xa w, X) + wa A2 S(F, xa, k — w, AZX V).

As in Twaniec [4 4], we obtain

> #AADL(Sf, xa. wa) F (7) = MF 4+ MF + RE, + RE
de DF N
where for i = 1,2,

. dlr?\ -
]\4'1-:t = Wy Z Z T (f » Xdr?, wduAdTQ) (Ill/ )Ad;’g ’

r<A.(r4N)= dED:t ( )

R =w: Z z pu(r L H( ( " Adb2)F(IY

b>1,(b.4N)=1r|b,r>A deDi
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Here, A is a power of Y to be specified later, ¥ and b denote the multiplicative
inverses of v and b modulo 4N and

(fow ) ifi=1
(f k —wa,sgn(d)w (55 )w(a)) ifi=2.

—i¥

et ={ (7

R i S

Every mteger can be written uniquely as a product n = k;{%m where plk1 = pl4N,
\un Luv} =1 and m bqudrerree Then

xa(mi?) = {xalm) if (d.1) =1
v Lo otherwise.

To ensure that the condition (d,!) = 1 holds we introduce the sum T, [(d.1) w(q).
Also, we use the expansion

»&I

_1 / nd

atm) = zamt 5 e (221)

2|pl<m

where
_ {1 fm=1 (mod4)
T\ ifm=3 (mod 4)

and 4N is the multiplicative inverse of 4N modulo m. The introduction of this
expansion is a key factor of Iwaniec’s argument in [4].
This brings Mi to the form

MF =w; Z p(r) Z a*(n) ( )Zu Z n~va

r< A (r,AN)=1 n=kii2m.(nr)=1 qll d,dr2qe D
(2.2)

1 1 Zl]\_/'pd * n Ile2q wy—wa
5 g oo (S22 ()

2lplem L (Wa)

where a*(n) = a(n) or a(n) depending on whether i =1 or 2. Let us set
: 1 2 e—1
A = min 307 qY
Then we can write
MF = MTF + R%, + R,
where in MTi p=0,in Rlz, Am > |p| >0, and in RE 3, Am < |pl < m/2. The

following lemma is another key feature of [4] and it is very useful in estimating the
above sums.



160 V. Kumar Murty and Tomasz Stefanicki

Lemma 2.1. Suppose that 1 is a periodic function of period 7 and |¢| < 1.
Suppose a € R and a € Z. Then

Z a(n)e(an) < zF?logz

In|<x

Y dAn)g(n)a(n)e(an) < d(a)r!/2z*/?(logz)°.

[n|<z.(n.a)=1

We will also need the following standard bounds for the kernel function W
and its derivatives

_ X R —v)=i if X <1
WO (w*, X) <« ¢ xR -3) exp(—X) as X — oo, f real-analytic
| X®@ ~Dexp(~X) as X — oo, f holomorphic

<ie XROT exp(—cX)

—
no
o

pa—

where ¢ is a positive constant.

3. The second moment

We have for d squarefree, =1 (mod 4), the functional equation
f(U))L(f, Xd, U/‘) = S(fa Xds W, X) + wdAZ_QwS(f-> Xd, k— w, Aix—l)
Using the exponential decay of W(w,n/X) we see that

| T

T o ‘ ex / n \ |2
2. |22 dm)xa(n)n W Kuh X}’
{d|<Y.deDEf'
| A
< Z z a(n)xa(n)n W (w, })l
|d|<Y.de DF n&X
and this is
. 12 — — - / n\ |2
< (log X)” maxarex 2 ’ D a(n)xan)n™"W Km })’ .
ld|<Y.de DT 'M<n<2M

Now by [3], Corollary 3 this is
<< (log X)QmaXM(X Y€]\[1+€(Y + ]\[)maXMSnSzM!d(n)n(k—l)ﬂ'*'(’_ﬁw§2,

Simplifying, this is

< YE(Y 0 Y).X2€+k+2a_2ﬁw.
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Now,

S(f. xawa, X) = 5— SUoxaw X) o

2mi Jw—wo|=2X W — wqa

> #(ADISU xa wa, X))

|d|<Y.d€ D

2m
<« / Yo #2(dDIS(f. xawo + 22, X) [ do

|d|<Y.de DF
< YG(X + Y)Xk+26—2§)fwo+4)\+2ar

uniformly for wq as above. Now using partial summation we deduce that

|d|<Y.de DE

< Y2(2§Rw0—k)+e(X + Y)X25+k+2a+4/\—233(wo).

Similarly

S A)IS(F xa-k — wa, X)P < YO(X 4 Y) X2 FRARw0) 107,
|d|<Y.de DE

Now, from the functional equation
I (wa) L(/, xa, wa) A3 H 2
< ]S(f, Xd: Wd, X)A(ind_k|2 + |S(f_7 Xds k — Wq, AZX—I)IQ'
Multiplying both sides by dX/X and integrating over X in the range (%Ad, Ad),

we find

IT(wa) L(f, xa. wa) AT "

Ad dX
< / IS (£ xas wa, X) AZea=k}2 ©2
%Ad X

2

Ad _ Ad
+/ S(f, xd,k—wd.—)
b4 X

In the second integral we change the variable to u = A%/X. Then we extend the
range of integration in both integrals to obtain

2dx
=

IC(wa) L(f, xa, wa) AT H?
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Now summing over d, we deduce that

wa—k |2 & 171+E4—204—6A4—25‘?(L3)—k

4. Estimation of errors
Estimation of R IN (2.1)
To estimate Rfl we observe that

Here a*(n) = a(n) or &(n) depending on whether f* = for f and similarly for

B*(n). We also assume that [w —wo| = 2\. Since d is square-free in RE, we may
move the integration in the integral representation of

S( £, xawt, 2de?
Ll

to the left of zero, picking up the residue at s = 0, and apply functional equation
to obtain

~ “of 7 ALl
dbZ

We first estimate the non-residual contribution. Now,
- A2l . nA
* « gtz y — % —k+w * db?
S(f,Xd,k—w, — | = E a*{n)n xd(MW( k —w*, ——=
\ fgpz j o1 \ AdLILQ/

We split the sum according to whether n < A2l,1y/Ag2 or not and use partial
summation with (1.2) and (2.3). We obtain

O((ldlb—Qllb)(1—k)/2+§7€w*).
We sum over [; and I to see that the contribution to S(f* xap2, w*, Agp2) is

. [* (1. )il (1=k)/2+Rw"
R e :
< A¥ S
I1,l2|b
& id}(k+1)/2—9€w bk——l—??Rw +ad2
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using (1.1) and the fact that if f is real analytic, one of a(:) or 8(:) is bounded.
Multiplying it by Az,”b;_w, dividing by w —wy and summing over |d| < Y/b? gives

< Y(k+3)/2_mwb"_4d2(b)/\_l.

Summing it over r|b and & > A gives

< Aa—Sy(k+3)/2—?Rw+5.

It remains to estimate the contribution from the residue

AS L xaow ) D) (1 = @ 0)xa@)p™ )1 = 87 (0)xa(@)p™")

plb

at s = 0. Firstly we note that the b-contribution is

PRI TI)() < @2 (b)p™,

plb
Hence, the contribution from the residue to R} is

PICHOLSY HZ(WDMWWW—M

vy — .l
b>A |d| <Y /b2 ! di

< st(b)bm( Z p2(dDIL(f* . xa, w*)|?]d| PR~
b>A |y
<« |f(w0)|—1A~1—2a—22ﬁ(w'—w)Y1+a+a+§R(w*_w)

I~

SN—
Np=

/\71

N——
ST
TN

by Theorem 1.2. To summarize, we have proved that

N N A #2<!d!) * * /!d!bz\ wr—w
L L N(T) L 1:, S(f » Xdb2, W aAdb"’)Fk v )Adbz
b>1.(bAN)=1r[br>A deD=, (w — wa)l'(w)
<« A*S%—:Y'(k—,'—S)/Qf\,mw—,'—é

+ lf(“]o)|_lA_1_2a_2§R(w*_w)Y1+Q+E+§R(w*—w)‘

Now, integrating over the circle |w — wy] = 2\ gives

R:j.t‘ <& A—3+ay(k+3)/2—§Rwo+e + |f\(wn]|—1A—l—2a—2§R(w5—wo)Y1+a+a+§R(w6—wo).

n= klizlom
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where ki and I are as before and (m,l) = 1, p|ly = pll, p?(lo) = 1. We rewrite
ng as

ST B R

2mi [w—wo|=2A F( )

w A (r4N)=1 kil qll
Z ( )A:ibrz_w DD a (Pl (Pl) ™ E X woallo)
r2ge D lp|>1 o
. 4N pd k 2lgm dw
* —w*—1 9 = P * 1 0
X . a*(m)m 2y (m)emXNpq(m)e< i >W( A, ) —
’"ZLlO B
For T > |p|/Aly set
5 N _ ﬁlfopd
A(T) = 2 ()a ()2 X e 12

where m and I, are the multiplicative inverses of m and ly modulo 4N. By

Lemma 1

AT) < d(l)(lplg)* T+,
By partial summation

A(T) ! Z /Jz(m)a*(m)meNpq(m)e(_ml?\rd>e( r\rdm)

|ol/Alo<m<T.(m.4N)=1
< d(1)(iplg)*T*?+(1 + |d|A) < BTF/2+e

P
M
A
-

where B = d(l)(|p|q)%YE. Here we used |d| « 7% and A < r2qVe71 Let us set
Cc = kllzlo/AdT2q. Then

AN pd P
Z uz(m)a*(m)XNpq(m)évne< mlp )m‘“ 2 W (w .cm)
m> 4L (m AND=1 R0
IAYAL R c|p|\
= 2% _
(@)@ ()
‘/}MA“V“”W< et)d(tc) + gO)W (W' )<, a,

- /|OC g(t)W/(w*.ct) d(te)

pl/ Al

by partial summation and integration by parts where g(t) = frx Aj(u)u™ *2( w*

)
3)du. Notice that the integral defining g(t) converges and is bounded by Btk/Zte=1/2—Ru”




M
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We see that in order to estimate the sum over m we need to estimate

|,0| k/24+e—Rw”—-1/2 X C|p|
Bl — 154 —_—
2) (Alo LACEY vl
and
b) B/II/AZ t(k*l)/2+s—§?w‘|W’(w*’ct)|cdt'
P 0

We estimate the contribution from (b) - the contribution from (a) is exactly the
same. We notice that by (2.3) it is enough to estimate

(k~3)/24e—Rv

Bc%u;*—(kfl)/Q—s(f\|¢| exp(— C{PI{ )
\_.u(j/ \ é“bu/
Summation over |p| gives
—Ruvtk/2+4e
Z |p| "L~ Rtk /24 exp(— clp! ) < (%)
(o151 QAZO C

—w

so that after multiplying by A“’ /w wg we see that the contribution is

|AY v d(l)q%ysA%l§C—§+mw*—s—1 1

dr?q lw —wy|
The sum over |d| is
1 Yy k/2424e—Ruw
< Z Id|k/2+1+s—%w < (_)
, |lw — wy|
|d|<<Y/r2q
so that the total contribution is

ja(k11%0o)|
Y 1/2+k/2-Ruwte la(k1{*lo
Z Z Z rqd 1/2(k1l2l0)k/2+5+1

r<Ak.lly qll

Hence. using (1.1) and summing over ¢,ly. 1, k; and r < A4 yields

< AZ}/1/2+]€/2—§RUJ+F )

Integration over the circle [w — wp| = 2 finally shows that

RE, <« A2YV/2Hk/2-Ruwote
[

Estimation of RZ, in (2.2)
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We will start by summing over d in (2.2). We set ¢y = Ag|d|™! and rewrite RF,
as

*

Y BD SITCID DEE~ L ST g

r<A n=k112m qll Am<|p}<1§—

(ranN)=1 {(n.ry=1

(), 2, () )

+
d.driqeD

e(Zled> dw
m ) (w—wa)l(w)

We want to estimate the sum

() O P

d.dr2qeD¥

= (e )w (w5 e

Observe that the presence of F restricts the range of summation to

where

Y Y
CIT < |d| < CQT
req req

if Supp(F') C (c1,¢2). For any T < Y /r?q we want to estimate

(*%) Z e/A )

d.drzqepf.ng

To do so it is sufficient to estimate

4Npd
(k% %) 3 h(:‘cd)g(:':d)e( m”)
d.dr2qe DF

where g is smooth, compactly supported function in [M, 2M] with
(¥) —i
g (z) <« M7,

Here we take M = ¢3Y/r?q for some constant c3. By Poisson summation formula
(* % %) is equal to

2o (o - )

N V4



Average values of quadratic twists of modular L-functions 167

where (l/z?]) denotes the Fourier transform of h(+z)g(+z). We assume for a mo-
ment that we can find two positive constants X, and X, such that

X,

(r 4
T

(hg)") (@) < 5

A
Pe S

for some j > 2 (the constant in <« depending only on F, W, and 7). Then

ows that

(hg)(t) < X1 X377t~

so that writing 4N4N = 1+ em for some integer e we see that

—~ 4N X, X577
(he)( = - =) « 172 -
4N m lu— p/m — epl|d

Summation over u gives then

i iz
F(il)/r q:(;\ /T q\ 1n(i2)fx\l; /(is)/w* ni\ /ﬂ\
\Y J\Yy )~ ™ \ eriez J\r2q)
x~—22’3—z’4+§?(w"—w)—i5(T2q)§R(w*—w)

i
Wiis) [ % n n BJ;“Z&
" cpriqr riq

using » ) = j and x ~ Y/r?q. By (2.3), the fact that z ~ Y/r?q and assumption
about g we estimate

-y
(hg)P (2) <c exp(—c%>yﬁ(w'—w)<$>mw )% < (m—:(;(—z)]
where
X, = n g“}(w“_U)YW(‘“'_”J)ex _ X - X — positi tant
1 (Y) p( CY), 2 =y ¢ — positive constant.
Hence
/ > VA AN n\ R(w' —v)y Rv—w)
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since A =7r2qY*~! < |p|/m, and we obtain the same estimation for () (multi-
plied only by the factor logY say). We return to the estimation of (x). Let ¢ (z)
be a smooth function such that gi(jd]) = 1/w — wy and g,(x) < A~'. By partial
summation, using the estimation of (xx) we deduce that

Y

for any j > 2. Summing over 7, |p| < m. and g gives

by choosing j large enough. Integrating over the circle fw—wqn| = 2\ we conclude
that
R < 1

5. Main term

We now consider the sums MT/®. As p = 0 in these sums, only tlie terms with
m =1 in (2.2) give a nontrivial contribution. Thus we rewrite 1MTL-i as

w Za kl( )‘“’0 Yoo @AY ue) Y. ul)

I>1,(lAN)=1 all r<A(rAND=1

1 |d|r2q k112 2wk
_ F W o wq Wy
2 T (wo) ( Y 0 e ldirzg (csldira)

w
d.dr2qED2: ( 0

(ZlahIZtaFIZIu |Z|u

12
it

|d|7‘ZQ)’ 2\ —Rur 2 \R(wy —w 1
F(— ke 12)~RS (| d]r2q) ROws —wo) 2
2 (T )|ty epldin®e) Frao)
d.dr<gegj
" * L _ F(U}()) k’llz
k 2\ —witwg d 2 Nwi—witwo wg Z\TUJ *
)iy Fhiy (.

) )
~ W wy, —— )| ]
(wo’ crldlr?q /11

We begin by estimating the above error term. The expression in the square
brackets is bounded by

k‘ l2 Wy ’/)
< ( ,12 ) eXp<—c1i e \A k1) (|d]r?9)* max{log Y, log ki 1°}
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by (2.3) and the fact that |d|r2q ~Y. Here \* =0 ifi=1, \* =X if i =2 and
€1 is some positive constant. Summation over d contributes

> e (5
req

)—%wo +Rv+14+20"
ld|<Y/r2q A

so that the sum over d above is

Y1—§Rwo+§?y o 9 k‘llz
& —TA(kll ) max{log Y,log k1/°} exp —CQ—Y—
for some positive constant c¢z. In order to sum over [ we will use the following
estimate

(*) > la(i?)] < z*.

i<z

Indeed, we notice first that

(+%) > la(?)?

<z

are the partial sums of the coefficients of the (not normalized) Dirichlet series
attached to the Rankin-Selberg convolution (on GLz) of Sym?(f) x Sym?(f).
The normalized Rankin-Selberg L-function has a meromorphic continuation to
the whole s-plane with simple poles at s = 1,0, [5]. Hence it follows that (xx) is
bounded by 2?*~!. We use Cauchy-Schwarz inequality to deduce (). Using (%)
and summing over r, ¢, and k; (breaking the sum over kil at Y') we find that
the error term is
& AY1H2=R20 60 Y oglog V.

We return to the evaluation of the main term. Summation over d gives

M
wq —Wo

Y 1w

> - Y /F t)W(w* ully )th*wo dt
dodr?qe DE AN T(wg) ( Y,
arsqg a

. ey 12 . '
voyrei f|(pow (ug BL Yo} [ )
\ J I\ \ ettty /1)
We use (*), (2.3) and partial summation to find that the above error term is
& AY’C/Z—%U)()%»E.

We 1

17

¥al
<

¢

-1
>t = G- %) v o

r<A,(rAND=1 p|! /
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to rewrite the main term above as

clfjg_wo v 1+wi —wo
wy J .
I'(wo) 4NCuan)(2)
- /n/.\ X AR B T TrI,. 1‘,1 732\ —2w" 11 / * k}lz\
<) FOfivi) 3 T+ Dyt @i w (uh, 2 i
(LAN)=1 pll

/. el
+ O A—iyi+yf(w()7wo) N ‘a n ln—%wo |HAY )|
\ > la(n) > Y

n=kl? q|l

ol Vs N s N
n «
FHW ([ w Rlws —wo)| g
/' ®) ( U’CfYt)t f
* * a -8
fin(s) = > a*(ky) L

k1.plk1=pl4N R

where

As before, using (*), (2.3) and partial summation we find that the error term

above is
« ATlyltk/2-Ruwote

Consider the functions

B*(S) déf H (1+p£1(a*(p2)p—s+a*(p4)p—25+‘m))

nV AN
2f 2N

A(s) E (1=a" @) (1 = 0" ()% %) (1w (p)p ) — 1

def IT 0+ 4xs))

LZ‘4N)(5) =
pY 4N

where w* = w or & depending whether f* = f orf. Then

B*(s) = P*(L"')L&N)(s)

where

. 1 1 AR
Pi(s) =[] k1+p+1<1+A;(5) _1))'

pf AN

The function Li4ny(s) is related to the symmetric square L-function of f* by
Liany(Sym*(f*),5) = L) (™, 25 = 2k + 2) L¥, 0 (5).

It is known that L(Sme(f), s) is entire and satisfies an appropriate functional
equation [13]. Now, we see that P*(s) converges absolutely for Rs > k — 1 + 2a
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and does not vanish for Rs > k — 2 by (1.1). The sum of f;y(s) converges
absolutely for ®s > (k — 1)/2 + & and does not vanish there. Now replacing W
by its integral, we see that the main term is

(5

Wy Hwo—wo /Ft _/f* wh +
D(wo) 4NCam)(2) ”\m i)

(Sym2 F* 2w* 4 2s) g\
S

wum’ f
u(41\/)\ yr J 7AWUTL0) * * [#2

P (2 2s)T Yt dt.
Loy (@45 + dwg — 2k 1) 290+ BTG+ ){eg¥ey s)

Here v > 0. Moving the line of integration to the line s = —1/4 + k/2 — Rw we
get the residue from a possible simple pole at s = 0 (which gives the main term)

and an error term
< Y3/A+k/2—Rwo

Here we used that L(Sym?(f*), 2w} + 25) has only polynomial growth for Rs >
—1/4 + k/2 — Rw( by Phragmén-Lindelof principle and functional equation. To
summarize, we have shown that

> KAd)L(f xa wa) F (l l)

d.deDF

_ 1 L(4N)(Sym2 f, 2U)0)
=Y (mp(ng)f4N(wg) L(2)(w2’4w0 sy 2) /F(t)dt

1+hk—2wo | ‘L‘ 1 f(k‘wﬂ) k—2wq
+Y bgn(d)wl(_N)w( )4N§(4N)( % f(wo) cy

il £ 1.
(4N) yrlb J,2h_2u/[])

[ C r
\

v (k — wo) P (2k — 2 F(t)d
i b = o) PR = 200 7L 5 ok = dwg + 2) | Fod
+ QY 3/4+R/2=Rwo | yeg g2y (k+1)/2— Rwo 4 g-1y1+k/2—Rwo
+A—1—2&y1+a+A—3+ay(3+k)/2—§)?wo)

+ AYTHE/27Re0 160 Y loglog Y)

where the second term above is present only if Rwy < k/2+1/4. Also f* and P~*
in the second term correspond to f. We take A = Y to write the error as

O(Y 7o te 4 AY IHK/2-Ruo 100 Y oo log V).

Summation over d € D, eliminates the second term so the Theorem 1.1 follows.
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